Abstract. In this paper we give a new degree bound for polynomial invariant rings of finite groups and give some applications.
Introduction
Let F be a field of characteristic p ≥ 0, V an n-dimensional vector space over F, and F[V ] the symmetric algebra of the dual, V * , of V . Thus, if we choose a basis, {x 1 , . . . , x n }, for V * , F[V ] can be identified with the polynomial algebra F[x 1 , . . . , x n ]. Take a finite subgroup G ≤ GL(V ). The action of G on V induces an action on V * given by
This action further extends to an action by degree-preserving algebra automorphisms on F[V ]. The invariant ring of G is the subring of F[V ] defined by
F[V ] G := {f ∈ F[V ] | g · f = f, ∀g ∈ G}.
It is well known that F[V ]
G is always finitely generated as a graded algebra. We say that G is modular if p divides the order of G. Otherwise, G is called non-modular.
For any graded Noetherian F-algebra R of Krull dimension d, there are d homogeneous elements f 1 , . . . , f d (called a homogeneous system of parameters) such that R is a finitely generated module over
, is the minimal integer m ≥ 0 such that R can be generated as an algebra by homogeneous elements of degree at most m. The embedding dimension of R, denoted edim(R), is the number of the elements in a minimal homogeneous generating set of R. By the graded Nakayama Lemma (see [5, Lemma 3.5 .1]), edim(R) is well-defined.
It was proved by Noether in [13] 
For a general non-modular group G, the question whether β(F[V ]
G ) ≤ |G| holds (called the "Noether Gap") remained open for quite a while. Only recently this problem was solved independently by Fleischmann and Fogarty (see [8] and [9] We now have the following result.
Lemma 2.1. In the above settings,
Proof. We use induction on |G|. If |G| = 1, then the lemma is trivially true by assumption. So we assume |G| > 1. Let G 1 , . . ., G t be all the maximal subgroups of G. For any subgroup H ≤ G i , we have
and the result follows.
We now consider a special case. Assume H ≤ G is a non-trivial subgroup such that H permutes the basis {x 1 , . . . , x n } of V * . For any subgroup Q ≤ H, let N Q,1 , . . . , N Q,nQ denote the orbit products in the Q-set {x 1 , . . . , x n }. It is well known that R Q is spanned over F by the orbit sums of the monomials in the x i 's, and a monomial is fixed by Q if and only if it can be written as a monomial in the N Q,i 's. Furthermore, any such orbit sum is the image of a monomial in the orbit under the relative transfer Tr the orbit is greater than 1 (clearly K here can be taken to be the stabilizer of the monomial under consideration). So, we have 
Now let us go back to the general setting. For any subgroup H ≤ G, let
and let
So we can write
with a H,i homogeneous and deg(a 
Proof. If H = 1, then R G is Cohen-Macaulay (see [6] , or [5, Theorem 3.4.1]). By Broer's result (see [1] , or [5, Theorem 3.9.8]), R G , as a module over F[f 1 , . . . , f n ], is generated by invariants of degree at most
Since the f i 's together with the module generators generate R G as an algebra, the theorem is true in this case. Now suppose |H| > 1. Since R as an F[f 1 , . . . , f n ]-module is generated by polynomials of degree at most an F[f 1 , . . . , f n ]-module is generated by H-invariants of degree at most
Now for each Q ≤ H with Q = 1 and each i with 1
Then for any j with 0 ≤ j ≤ |G : Q|,
Then A is a subalgebra of R G and
By Lemma 2.1 we see that R H as an A-module is generated by the invariants of degree at most 
(H) · β(H).

It follows that R H as an A-module is generated by homogeneous invariants of degree at most max e(H) · β(H),
is a surjective degree-preserving A-homomorphism, so R G as an A-module is also generated by homogeneous invariants of degree at most
Again, since the algebra generators of A together with the A-module generators of R G generate R G as an algebra, the result follows.
Recently, two general degree bounds were obtained, one by Derksen and Kemper and the other by Karagueuzian and Symonds. Derksen and Kemper's result says that for any finite group G ≤ GL(V ),
see [5, Theorem 3.9 .11]. Karagueuzian and Symonds' result says that if F = F q is a finite field, then for any finite group G ≤ GL(V ),
see [12, Theorem 15.4] . Note that the bound (2.1) depends on the order of the group, the dimension of the representation, and not the field. The bound (2.2) depends on the dimension of the representation, the field, and not the group. The bound of Theorem 2.3 depends on more things.
We now give an example to illustrate Theorem 2.3. For any integer m > 0, let mV denote the direct sum of m copies of the FGmodule V . Note that mV is an FG-module by diagonal action. The ring F[mV ] G is called the (m-dimensional) vector invariant ring of G [17] . More discussion of vector invariant rings can be found in [14] , [2] , [3] and [4] .
where
. This is indeed the case if m > 2 (see [14, p. 31] ). We have
So,
G be the Dickson polynomials (see [15, p. 240] ). Then {f i , g i | 1 ≤ i ≤ m} is a homogeneous system of parameters of 
In particular,
Proof. The first part has been shown. For the second part, note that β(R G ) does not change if we extend the ground field F (see [2, Lemma 2.4] The following example shows that the first bound can be better than the second bound in the above corollary. 
